1.
A well-known result of Kelley [l] asserts that the Tychonoff theorem (the product of compact spaces is compact) implies the axiom of choice, establishing the equivalence of these propositions. In what follows we show that an apparently weaker form of the Tychonoff theorem also implies the axiom of choice. The proof is quite brief and direct.
Weak Tychonoff Theorem. The product of a family of mutually homeomorphic compact spaces is compact.
Proposition.
The weak Tychonoff theorem implies the axiom of choice.
Proof. Let a be a disjoint family of nonempty sets and let 2 be the union of the members of a. If 2a denotes the set of functions on a into 2, we shall demonstrate the existence of an element of 2®
which is a choice function, i.e., a function which maps each A in a into an element of itself. Topologize 2 by defining a subset U of 2 to be open if U is the empty set or if 2 -U is the union of finitely many members of a. Since a is a disjoint family this collection of open sets clearly satisfies the axioms for a topology, and it is easily seen to be a compact topology. By the weak Tychonoff theorem, 2® is also compact. If we extend g to ft by defining g(A)=g(Ai) for each AE&, Ä9*Ai, then gEFAlC\ ■ ■ ■ f\FAn. Since 2® is compact the set F=f\ {FA: AE&} is nonempty, and each member of F is a choice function. The proof is complete.
It should be remarked2 that we have actually proved a slightly deeper proposition than that asserted. It can be stated as follows:
Theorem. Let ft be a disjoint family of nonempty sets covering the set 2, and topologize 2 by using G, as a subbase for the closed sets. If 2® is compact then there is a choice function for ft.
2. Since the axiom of choice implies the Tychonoff theorem, it follows that the weak Tychonoff theorem implies it as well. It is interesting that this fact can be proved directly without employing the choice axiom.3 To see this, suppose S is a family of compact spaces. We may, without loss of generality, assume S to be a disjoint family. It is clear that M is compact with respect to this topology and hence, by the weak Tychonoff theorem, Ms is compact. If its: M®-+M is the 5th projection mapping then irj1 (5) is closed in Msand hence50 = n{7rs1(5): SES} is closed. But it is easy to see that 50 is precisely the product of the family S, and since 50 is a closed subset of a compact space, it is compact.
